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ABSTRACT. A mathematical model for the natural history of human papillo-
mavirus (HPV) is designed and used to assess the impact of a hypothetical
anti-HPV vaccine and Pap cytology screening on the transmission dynamics of
HPV in a population. Rigorous qualitative analysis of the model reveals that
it undergoes the phenomenon of backward bifurcation. It is shown that the
backward bifurcation is caused by the imperfect nature of the HPV vaccine or
the HPV-induced and cancer-induced mortality in females. For the case when
the disease-induced and cancer-induced mortality is negligible, it is shown that
the disease-free equilibrium (i.e., equilibrium in the absence of HPV and associ-
ated dysplasia) is globally-asymptotically stable if the associated reproduction
number is less than unity. The model has a unique endemic equilibrium when
the reproduction threshold exceeds unity. The unique endemic equilibrium is
globally-asymptotically stable for a special case, where the associated HPV-
induced and cancer-induced mortality is negligible. Numerical simulations of
the model, using a reasonable set of parameter values, support the recent rec-
ommendations by some medical agencies and organizations in the USA to offer
Pap screening on a 3-year basis (rather than annually).

1. Introduction. Cervical cancer, the second most frequent form of cancer among
women worldwide, is an important global public health problem [18]. In 2002, an
estimated 529,000 new cases of cervical cancer occurred worldwide, representing
nearly 10% of all cases of cancer among women [18]. An estimated 1,300 Canadian
women were diagnosed with invasive cervical cancer in 2009, corresponding to an
annual incidence rate of 7 per 100,000 women [6].

There is overwhelming epidemiologic and experimental evidence that cervical
infection with certain “high-risk” types of the human papillomavirus (HPV) is re-
sponsible for virtually all cervical cancer cases [20, 54]. Genital HPV infection is
the most common sexually-transmitted disease in the US and Canada [20]. It is
estimated that up to 75% of women may eventually become infected in their life-
time [29] (some other studies, such as those reported in [31, 41, 44], show that up
to 70% of sexually-active men and women acquire HPV infection at least once in
their lifetime). The HPV infection is prevalent among younger women, with evi-
dence of infection found in 5-40% of asymptomatic women in the reproductive age
group. Fortunately, most of these infections are transient (last less than a year) and
asymptomatic. However, persistent infection with thirteen or so high-risk (onco-
genic) HPV (HR-HPV) types could lead to cancer [37].

The natural history of cervical cancer is perhaps the best understood of all ma-
lignancies. Cervical carcinogenesis is a complex stepwise process characterized by
slow progression over a continuum of increasingly more severe precancerous changes
known collectively as cervical intraepithelial neoplasia (CIN) [20]. Depending on
the extent and severity of dysplastic features, the spectrum of CIN is traditionally
divided into three histopathological categories, namely: CIN1, CIN2 and CIN3. In
CIN1, cells with malignant changes are limited to the superficial layer of the cervical
epithelium. Most CIN1 lesions are likely to disappear without treatment. However,
a small percentage may progress to high-grade CIN (CIN2 and CIN3). This (high)
grade CIN is characterized by more severe dysplastic changes and higher degree of
epithelial basal cell involvement. The risk of progression to invasive cervical cancer
increases significantly with worsening CIN grades [29].

In most developed countries, Pap cytology screening for the early detection of
cervical neoplasia has been successful in reducing cervical cancer incidence and mor-
tality, especially in jurisdictions with organized screening programs [10]. However,
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Pap cytology, as a primary screening tool, has important limitations. A single Pap
smear has both low sensitivity (approximately 51% [35]) and poor specificity which
necessitates repeated screening at regular intervals throughout adulthood. In many
countries, women are screened annually starting at the initiation of sexual activity
[47]. The present policy in the Canadian province of Manitoba requires all women
18 years or older to undergo annual screening with conventional Pap cytology if
they have ever been sexually-active. After 3 consecutive normal smears, screening
is continued at 2-year intervals [43]. This policy could result in a woman undergoing
27 routine smears in her lifetime assuming full compliance and no abnormal results.
Some countries offer Pap screening at a less frequent interval (see, for instance,
[25, 30] for the screening guidelines in Norway). Furthermore, some agencies in
the USA (such as American Cancer Society, American Society for Colposcopy and
Cervical Pathology, and American Society for Clinical Pathology [46]) have recently
recommended Pap screening to be carried out every three years.

The recent introduction of effective vaccines against HPV is expected to reduce
the burden of cervical cancer substantially [23]. However, screening for cervical
cancer will still be needed because about 30% of cervical cancers are caused by
types other than the two high-risk HPV (HR-HPV) types targeted by the current
vaccines (Types 16 and 18) [38], and because women who are already infected will
continue to develop cervical cancer [19]. In the future, the cost-effectiveness of
Pap screening may be significantly reduced because as the prevalence of cervical
neoplasia decreases, the positive predictive value of the Pap test will also decrease,
and as a result, more women will be referred for unnecessary diagnostic procedures
and follow-up [19].

Mathematical modeling is a useful tool for assessing the potential impact of
intervention strategies against HPV infection (and the associated cervical cancer),
such as mass vaccination and Pap screening. A number of authors have reported on
the use of such modeling to evaluate the impact of HPV vaccine [1, 2, 4, 9, 13, 16].
In particular, Al-arydah [2] developed a two-sex, age-structured model to describe
the vaccination program for an HPV vaccine in childhood (under 13 years) and
adult stages. It is shown that vaccinating a single age cohort in one gender can
result in eventual control of HPV across all age groups. Furthermore, Elbasha and
Galvani [13] showed that for the case of synergistic interaction between HPV types,
the use of mass vaccination may reduce the prevalence of HPV types that are not
included in the currently available HPV vaccines. Models for the combined impact
of HPV vaccination and Pap screening have also been published in the literature
(see, for instance, [15, 17, 24, 39, 40]). Myers et al. [39] proposed a model for the
natural history of HPV infection and cervical carcinogenesis.

The purpose of the current study is to extend some of the aforementioned studies
by designing a new and comprehensive sex-structured (male and female) model for
the natural history of cervical cancer, and use the model to assess the public health
impact of mass vaccination and Pap screening of sexually-active females. Although
there are many oncogenic HPV types, this theoretical study only considers the
dynamics and control of the two vaccine-targeted oncogenic types (Types 16 and
18). Furthermore, the only modality of screening considered in this study is Pap
screening (and not HPV DNA testing). The model is formulated in Section 2 and
analysed in Section 3. The impact of vaccination and screening are assessed in
Section 4.
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2. Model formulation. The model is formulated as follows. The total sexually-
active female population at time ¢, denoted by N (t), is split into the sub-populations
of unvaccinated susceptible (Sf(t)), susceptible individuals vaccinated against the
relevant vaccine-targeted types (V/(t)), HPV-infected (If(t)), HPV-infected with
persistent infection (P(t)), HPV-infected individuals with undetected CIN (three
grades, Q;(t); ¢ = 1,2, 3, representing low-, medium- and high-grade squamous in-
traepithelial lesions, respectively), infected individuals with detected CIN (three
grades, Q;q; @ = 1,2,3), those with undetected cancer (C(t)), those with detected
cancer (Cy(t)), those who recovered from infection or the CIN without developing
cancer (Ry(t)) and those who recovered from cancer (R.(t)), so that

3
Np(t) = Sp(t) + V(t) + I;(t) + P(t) + Z Qi(t)

3
+Z Qia(t) + C(t) + Calt) + Ry (t) + Re(t).

The total sexually-active male population, denoted by N,,(t), is sub-divided into
susceptible (S, (t)), infected (I, (t)) and recovered (R, (t)) males. Hence,

Nm(t) = Sm(t) + Im(t) + Rm(t)'

The population of unvaccinated susceptible females (Sy) is generated by the
recruitment of new sexually-active females (at a rate my; a fraction, ¢, of which is
vaccinated). Although this study does not explicitly model the various HPV types,
it is assumed that the theoretical vaccine targets some HPV types. The vaccines
currently in the market are GSK’s bivalent Cervarix (which targets HPV Types 16
and 18) and Merck’s quadrivalent Gardasil (which targets HPV Types 6, 11, 16,
18). These vaccines, which have been approved for use in a number of countries,
including Canada [44], have 90-100% efficacy against infection with Types 16 and
18 [22, 53].

The unvaccinated susceptible female population is decreased by the acquisition
of HPV infection, following effective contact with infected males, at a rate A, given
by
_ Bmeslm

N ’
where (3, is the proportion of potentially infectious contacts which result in the
transmission of infection from males to females and cy is the average number of
contacts per female per unit time. It is also decreased due to natural death (at a
rate pf; females in all compartments suffer natural death at this rate, py).

The class of vaccinated susceptible females (V') is populated by the vaccination
of new sexually-active females (at the aforementioned rate m;¢). It is decreased
by HPV infection (at a reduced rate (1 — €,)\,,, where 0 < ¢, < 1 represents the
vaccine efficacy against HPV infection) and natural death. It is assumed that the
vaccine does not wane during the period under consideration [16]. The population
of infected females (Iy) is generated by the infection of unvaccinated and vacci-
nated susceptible females. It is assumed that a fraction, r1, of the infected female
population recovers (at a rate o¢r1), while the remaining fraction, 1 — ry, develops
persistent infection (and moves to the class P at the rate o¢(1 —71)). It is assumed
that recovery confers permanent immunity against re-infection with HPV. It should
be mentioned that although re-infection (especially with a different HPV strain) is

Am
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possible in HPV dynamics, the model (3) does not incorporate re-infection. The
reader is referred to [13] for a discussion of immunity against HPV. The class of
infected females is further reduced by natural death and infection-induced death
(at a rate d¢).

The population of infected females with persistent infection (P) is generated
by the fraction (1 — ;) of infected females in the Iy class that develop persistent
infection (at the rate (1 — r1)oy). It is decreased by progression to Grade 1 of
undetected CIN (at a rate r,), recovery (at a rate 19) and natural death. The
population of infected females in Grade 1 of undetected CIN (CIN1) is populated
by females with persistent infection (at the rate ;) and those regressing from CIN
Grade 2 (at a rate k), and is diminished by recovery (at a rate 1), progression to
undetected CIN Grade 2 (at a rate (1), detection (at a rate ay) and natural death.
The class of infected females in Grade 2 of undetected CIN (CIN2) is generated by
progression from CIN Grade 1 (at the rate ¢; ), and is decreased by remission to CIN
Grade 1 (at a rate k), recovery (at a rate 1), progression to Grade 3 (at a rate
(2), detection (at a rate ) and natural death. Similarly, the population of those
in undetected CIN Grade 3 (CIN3) is generated at the rate (2, and is diminished
by recovery (at a rate 13), development of cervical cancer (at a rate (3), detection
(at a rate ) and natural death.

The population of females with detected CIN Grade 1 (Q14) is populated by the
detection of undetected infected females in class @ (at the rate ;) and by the
regression of those in Q24 class (at a rate kq). It is decreased by progression to
detected CIN Grade 2 (at the rate (1), recovery (at a rate p;) and natural death.
The class of detected CIN Grade 2 (Q24) is generated by the detection of infected
individuals in the Q2 class (at the rate as) and by progression of those in the Q14
class (at the rate (7). It is decreased by remission to Q14 class (at the rate kgq),
progression to Grade 3 (at the rate (3), recovery (at a rate ps) and natural death.
Similarly, the population of those in detected CIN Grade 3 class (Q3q4) is generated
at the rates ags (for those in Q3 class) and (> (for those females progressing from
Q24 class), and is decreased by recovery (at a rate ps3) and natural death.

The detection rate, a;; i = 1,2, 3, is an aggregate parameter that depends on the
proportion of sexually-active females screened for cervical dysplasia (x - henceforth
referred to as ‘proportion screened’), the screening sensitivity of the Pap test in
the respective CIN grade (¢;, ¢ = 1,2, 3) and the screening frequency per year (V).
Thus for the present model, it is defined as

a; =x6V, 1=1,2,3

Van de Velde et al. [52] assume the Pap test to be 60% sensitive for the detection
of CIN Grade 1 and 78% sensitive for Grades 2 and 3. They assume the proportion
screened (x) to range from a low 7% (in the age group 70-100) to 32% (in the age
group 20-29) per year. The proportions screened vary from 37% in the Canadian
provinces of British Columbia and Ontario to 44% in Nova Scotia [26]. As the
base-case Pap test assumption, the current model assumes x = 0.32. Due to the
wide range of values reported in the literature, the sensitivity of the model to the
proportion screened () is examined in Section 4.4.

The population of individuals with cervical cancer (C') is generated by individuals
in the Q3 class who develop cancer (at the rate (5). It is decreased by cancer
detection (at a rate a.). If undetected, the population of individuals with cervical
cancer suffers an additional cancer-related mortality (at a rate 6¢). The population
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of females with detected cervical cancer (Cy) is populated by the detection of females
in the cancer class (at the rate a.) and decreased by recovery (at a rate ), natural
death, and cancer-related death (at a rate ¢3).

The population of infected females who recovered from cervical cancer (R.) is
generated by the recovery of females with detected cancer (at the rate ) and is
decreased by natural death. Similarly, the population of those who recovered from
HPV infection and CIN (Ry) is generated by the recovery of infected individuals
in the Iy, P, Qia, @24, @34, Q1, @2 and Q3 classes, and is decreased by natural
death.

The population of susceptible males (S,,) is generated by the recruitment of
new sexually-active males (at a rate m,,). It is decreased by infection, following
effective contact with infected females (it is assumed that only infected females in
the compartments Iy and P can transmit infection to males) at a rate Ay, given by

/\f _ ﬂme(If + HP)

Ny ’
where By is the proportion of potentially infectious contacts which result in the
transmission of infection from females to males and c,, is the average number of
contacts per male per unit time.

The modification parameter 6, 0 < 8 < 1, accounts for the variability in the
transmission probability of individuals in the P class in relation to those in the I
class. It is assumed that infected females with CIN; (i = 1,2, 3) are not infectious.
Males in all epidemiological compartments suffer natural death at a rate p,,,. The
population of infected males is generated at the rate Ay, and diminished by recovery
(at arate 0,,) and natural death. No persistent infection or disease-related mortality
is assumed in males.

Furthermore, the following conservation law (for number of sexual contacts made
by males balancing those made by females) [16] is assumed to hold:

Cm N (t) = ¢y Ny (2). (1)

Male sexual partners are assumed to be abundant, so that females can always have
enough number of sexual partners per unit time. Hence, it is assumed that cy is
constant, and c¢,, is calculated from the relation ¢, (Ny,, Ny) = C{V—N Using (1),
the infection rates A,,, and As are given by
_ Bmeplm . Byep(Iy +6P)

Nm N

Am

Based on the above formulations and assumptions, and using the conservation law
(1), it follows that the model for the natural history of HPV, in the presence of an
imperfect vaccine and Pap cytology screening, is given by the following deterministic
system of non-linear differential equations (a flow diagram of the model is depicted
in Figure 1, and the associated variables and parameters of the model are described
in Tables 1 and 2, respectively):

as,
dt
dV

dat =7 — (1 — €)MV — sV,

= 7Tf(1 — (;5) — )\me _Nfo7
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B AnlS5 + (L= @)V] = (o5 a1y + 3,
% = o (1 = 1)Ly — (p + 0 + i) P,
% = kpP + kqQ2 — (V1 + (1 + a1 + p1f)Q1,
% = Q1 — (kg + Y2 + G+ az + 1y)Q2,
% = Q2 — (Y3 + (3 + az + 115)Qs,
dgtld = a1Q1 + KaQ2d — (C1 + p1 + py)Q1a,
dg;d = a2Q2 + (1Q1a — (Ka + G2 + p2 + pf)Q24,
dg;’d = a3Q3 + (2Q24 — (p3 + p15)Q34a, (3)
% = Qs — (e s+,
% = a.C — (v + ps + 63)Ca,
dzc =79Cq — pyRe,
dRy . -
o = osridy H P+ D _%iQi+ Y piQia — prRy,
1=1 =1
‘%m = Tm — AfSm — tmSm,
% = AtSm — (Om + pm) Im,
% =omdm — m B

The model (3) is a deterministic model for the natural history of the cervical
cancer, inspired by the Markov model in [39], incorporating sex structure (the dy-
namics of sexually-active males and females) as well as a mass vaccination program
(against some vaccine-targeted HPV types). Furthermore, it extends the model
in [13] by incorporating sex structure and by accounting for persistent HPV infec-
tions, cervical dysplasia and cancer, and Pap screening cytology. It also extends
the models in [16, 28] by incorporating the dynamics of individuals with persistent
infection.

The model (3) will now be qualitatively analysed to gain insight into its dynamical
features. It should be further emphasized that the model (3) only considers the
vaccine-targeted HPV types.

3. Analysis of the model.

3.1. Basic properties. The basic dynamical features of the model (3), subject to
the conservation law (1), will now be explored.

Lemma 3.1. The closed set
D= {(Sf7 ‘/7 ]f7 Pa Qla Q27 Q?n Qlda Q2d7 QBda Rf7 C, Cda RC7 S’m; Im7 Rm) S R}J .
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Variable Description

Sy Population of unvaccinated susceptible females

Vv Population of vaccinated susceptible females

Iy Population of infected females

P Population of females with persistent HPV infection

Qi; 1=1,2,3 Population of infected females in Grade i of undetected CIN
Qiq; 1=1,2,3 Population of infected females in Grade i of detected CIN

C Population of infected females with undetected cervical cancer

Cy Population of infected females with detected cervical cancer

R, Population of infected females who recovered from cancer

Ry Population of infected females who recovered from HPV
infection without developing cancer

Ny Total female population

Sm Population of susceptible males

I, Population of infected males

R, Population of recovered males

Ny, Total male population

TABLE 1. Description of state variables of the model (3).

Ny <mp/pgy Now < Tom/pim }-
is positively-invariant and attracting with respect to the model (3).

Proof. Adding the first 14 equations of the model (3) gives

dN c c
ditf:ﬂ'f—quf—(SfIf—CsO—(Sdcdgﬂ-f_quf' (4)

Since Nf(t) > 0, it follows using a standard comparison theorem [33] that
Ny(t) < Np()e st + ZL(1 — emwat),
5
Therefore, N¢(t) < my/pg if Np(0) < mp/py.
Similarly, adding the last three equations of the model (3) gives:

dNp,
5, — Tm — mNm7
g = m o H (5)

so that,
Non(t) = Ny (0)e#mt 4 T (1 — g=bmt).
Hm
Hence N, (t) < mp/pom if Ny (0) < 7/ i Thus, the positive invariance of D has
been proved.

To prove that D is attracting, it is clear from (4) and (5) that (for i = m, f),
dN;

< 0, whenever N;(t) > m;/u;. Thus, either the solution enters D in finite time,

or N,(t) approaches m;/u;, and the variables denoting infected classes approach
zero. Hence, D is attracting and all solutions in Rf eventually enter D. O

Since the region D is is positively-invariant and attracting, the usual existence,
uniqueness, continuation results hold for the system, and the system (3) is math-
ematically and epidemiologically well-posed in D [27]. Therefore, it is sufficient to
consider the dynamics of the flow generated by the model (3) in D.
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Description Nominal Value Ref
Tf, Tm Recruitment rate of new sexually-active fe- 10000 /year [42]
males and males
1/pm(1/pys) Average duration of sexual activity for 65 years [64-69] [5]
males (females)
Bm (By) Proportion of potentially infectious con- 0.8(0.7)/contact [13]
tacts resulting in transmission of infection
from males to females (females to males)
per contact
cf Average number of sexual contacts per fe- 2 contacts/year [42]
male
Cm Average number of sexual contacts per  Variable (¢m = ¢ f]]\\,]—i)
male
10) Fraction of new sexually-active females 0.7 [15]
vaccinated (cohort vaccination)
€v Vaccine efficacy 0.9 [17]
1 Fraction of infectious females who recover 0.99 [0.5-1] [39]
naturally (and do not develop persistent
infection)
ofr Recovery rate of infected females 0.495/year (oy = 0.5) [13]
of(l—71) Rate of development of persistent infection  0.005/year (o5 = 0.5) [13]
Om Recovery rate of infected males 0.9/year [13]
Kp Progression rate from HPV to CIN1 0.1 [0.05-0.1] /year [15]
v Recovery rate of individuals with cancer 0.76/year [15]
1 Natural recovery rate for undetected CIN1 0.05 [0.05-0.13] /year [39]
o Natural recovery rate for undetected CIN2 0.05 [0.05-0.13]/year [39]
Y3 Natural recovery rate for undetected CIN3 0.05 [0.05-0.13] /year A
¢1, ¢ Progression rate from CIN1 to CIN2 and 0.02, 0.04 [0.02-.08]/year [15]
CIN2 to CIN3
3 Progression rate from CIN3 to cancer 0.08 [0.05-.08]/year [15]
Kq Regression rate from undetected CIN2 to 0.08 [0.05-0.08] /year [39]
CIN1
Kd Regression rate from detected CIN2 to 0.08 [0.05-0.08] /year [39]
CIN1
a1,az,a3  Detection rate for CIN1, CIN2, CIN3 [0, 1]/year D
Qe Detection rate for cervical cancer [0,1]/year A
€1, €2, €3 Sensitivity of Pap screening for CINI, 0.6, 0.78, 0.78 [52]
CIN2, CIN3
X Proportion of sexually-active females [7%-44%)] [26]
screened
v Screening frequency % =1,2,3 years A
0 Modification parameter for the infectious- 0.9 A
ness of individuals with persistent infection
relative to those in the Iy class
o5 HPV infection-induced mortality rate in 0.001/year A
females
o€ Cancer-induced mortality rate for unde- 0.01/year A
tected individuals
04 Cancer-induced mortality rate for detected 0.001/year A
individuals
o Recovery rate of individuals with persis- 0.01/year A
tent infection
p1,p2,p3  Recovery rate of detected CIN individuals 0.13 [0.05-0.13] /year [39]

TABLE 2. Description of the parameters of the model (3).
A: Assumed. D: Derived.
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3.2. Disease-free (infection- and cancer-free) equilibrium (DFE). The mo-
del (3) has a DFE given by

80 = (S}i’ V*7 0) 07 07 07 0? 0) 07 07 07 07 07 07 S:;l’ 07 0)7
where,

1- m

S;:ﬂf( 975)’ ve= Ty gr = Tm, (6)
I Iy fim

The next generation operator method [11, 51] will be used to explore the local

stability of &. The matrices G (for the new infection terms) and H (of the transition

terms) are given, respectively, by

0 0 00000000ﬁ}’{é’"’[S}—i—(l—ev)V*]
0 0 00O0O0O0TUO0O0O 0
0 0 00O0O0O0TO0O OO 0
0 0 00O0O0O0O0O0O 0
0 0 00O0O0O0UO0O0O 0
G= 0 0 00O0O0O0UO0O0O 0 ;
0 0 00O0O0O0TO0O0O 0
0 0 00O0O0O0T 0GOSO 0
0 0 00O0O0O0O0O0O 0
0 0 00O0O0O0TUO0O0O 0
ﬁfo oﬁfoOOOOOOOO 0
and,
H =
0 o o0 o0 o0 0 0 0 0 0 0
—of(l—=7r1) g2 0 0 0 0 0o 0 0 0 0
0 —Kp 93 —kg O 0O 0O 0 0 0 0
0 0 -G g+ O 0 0 O 0 0 0
0 0 0 - g O 0 0 0 0 0
0 0 -4 0 0 g6 —-kg O 0 0 0 [,
0 0 0 —a 0 =G g- 0 0 0 0
0 0 0 0 —a3 0 —C g5 0 0 0
0 0 0 0 ¢ 0 0 0 g 0 0
0 0o 0 0 0 0 0 0 —a g0 O
0 o 0 o0 0 0 0 0 0 0 g

where, g1 = op+py+97, go = Kp+Yo+pg, g3 =V1+CG For+ iy, Ga = Kg+ P2+
Gtag+pp,gs =v3+C+taz+uy, g6 =C1+p1+pp,gr =rKa+G+p2+pyp, gs =
3t Hfs 99 = Qe fif +0c, gio =7+ pf 0L gi1 = O+ i

It follows that the reproduction number (R, ), associated with the model (3), is
given by (where p is the spectral radius)

Ry = p(GH™") = \/RomRos, (7)

with,

Ry = Bmes o Breimpim [1 L for1 7"1)} (1— ).
g11 HfTtmdl g2
The threshold quantity, R, measures the average number of new infections gen-
erated by a typical infected individual in a population where some susceptible fe-
males are vaccinated (and also screened). The result below follows from Theorem
2 of [51].
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Lemma 3.2. The DFE, &, of the model (3), is locally-asymptotically stable (LAS)
if Ry < 1, and unstable if R, > 1.

Lemma 3.2 implies that the combined use of Pap screening and an HPV vaccine
can lead to the effective control of the disease in the population if the thresh-
old quantity (R,) can be brought to (and maintained at) a value less than unity.
Mathematically-speaking, the result implies that the vaccine-targeted HPV types
can be eliminated from the population (when R, < 1) if the initial sizes of the
sub-populations of the model (3) are in the basin of attraction of the DFE (&).

3.3. Existence of endemic equilibrium point (EEP). Let
T ) ) ) ’ 1 > 2 3 1d» 2d» 3d»
™, Oy Ry Ry, Sy L Ry

represents an arbitrary endemic equilibrium of the model (3) (i.e., equilibria for
which at least one of the infected components of the model (3) is non-zero). Fur-
thermore, let

eI e (I + 6P

be the forces of infection for males and females at steady-state, respectively.
Solving the equations of the model (3) at steady-state gives:

T Nty (1= en)Asr + gl

Gi[(1 =€) Npr + pgl Ny + pg)

P — M *k g4lipa'f(1 — 7’1))\;}77‘(‘]0[(1 — 51}))‘:: + (1 - 61}¢)Uf]
= , Q1 =

g2 9192(9392 — CiEg) (1 — €)N5E 4+ gl (Ngr + pp)
o ngT* o <2Q§*
2 gs 3 g5
e _ bpop(L=r)Ams[(1 =€) A7 4+ (1 — €vd)pig](19ag7 + aaikia)
1 9192(9394 — C1kq)(geg7 — Crra) (Nt + g ) (1 — €)X + pg] (9)
*k OQQ;* + CIQT:} sk 043@;,* + CQQ;;
0= »Wy=—"7"——"",
gr gs
Kok Cc«** C**
C**:CBQ?) 70;*204 ;RZ*:’}/ d ,
99 g10 27
3 3
a3 + Yo P () + Y Qi () + D piQii (A5)
R — =1 i=1 ’
! 1274
§** — TTm _— ﬁm/\;* S O'mﬂ"rn)\;*

"X T e T GOy )
Substituting (9) in (8), and simplifying, gives, respectively,

m)\**c m
AFF = m Ay cr B

S e Sy 10
m 9110\;* +,LLm,) ( )
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and

N BrerAnmpl(1 =€) Ay + (1 — €u)pisllga + 0o p(1 —11)]ptm 1
9192Tm[(1 =€) Nk + pg](Nir + o)

It follows, by substituting (11) into (10), that the positive (endemic) equilibria of
the model (3) satisfy the following quadratic (in terms of \%¥):

ao(Ai5)? + boAir 4+ co =0, (12)
where,
ao =g11(1 — €,) {g1927m + 7pepBrlge + Oop(1 —11)]},
bo =2g192911 105 Tm (1 — €,) + Breymplge + 0o (1 —11)]
{911(1 = €x@)py — (1 — €0)pmBmey
co :glg2gllﬂmﬂ?[1 — (R,)?.

The components of the positive endemic equilibria of the model (3) are then ob-
tained by solving the quadratic (12) for A\** and substituting the results in (9) and
(11). It should be observed that (11) gives A}* as a rational function of A}, so that
a fixed value of A7 corresponds to a unique value of A}*. Clearly, the coefficient ag
of (12) is always positive (since 0 < ¢, < 1), and ¢( is positive (negative) if R, is
less than (greater than) unity. Thus, the following result is established.

Theorem 3.3. The model (3) has:

1. a unique endemic equilibrium if co <0< R, > 1;

2. a unique endemic equilibrium if by < 0, and ¢ =0 or b3 — 4agco = 0;
3. two endemic equilibria if co > 0,bg < 0 and b% —4agcy > 0;

4. no endemic equilibrium otherwise.

It is clear from Case 1 of Theorem 3.3 that the model has a unique endemic
equilibrium whenever R, > 1. Numerical simulation results, depicted in Figure
2, show convergence of solutions to this EEP when R, > 1 suggesting that the
EEP is asymptotically-stable when it exists. Furthermore, Case 3 indicates the
possibility of backward bifurcation (where the locally-asymptotically stable DFE
co-exists with a locally-asymptotically stable endemic equilibrium when R, < 1
[3, 14, 32, 48]). The existence of backward bifurcation in vaccination models, such
as (3), has been established in a number of epidemiological settings (see, for instance,
[3, 12, 14, 21, 36, 48, 49]). We claim the following (the proof, based on using Centre
Manifold Theory [7, 8, 51], is given in Appendix A).

Theorem 3.4. The model (3) undergoes a backward bifurcation at R,, = 1 whenever
the inequality in (24) is satisfied.

The epidemiological implication of the backward bifurcation phenomenon of the
model (3) is that having R, < 1 is not sufficient (albeit necessary) to effectively
control the spread of HPV and the associated dysplasia in the population. In other
words, the combined use of mass vaccination and Pap cytology screening may fail
to lead to effective control of HPV and the associated dysplasia even when R, < 1
(due to the phenomenon of backward bifurcation). In such a backward bifurcation
scenario, effective disease control, when R, < 1, is dependent on the initial sizes
of the populations of the model. Clearly, this (backward bifurcation) phenomenon
makes effective control of HPV and the associated dysplasia difficult. It is worth
stating that with the realistic parameter values in Table 2, the associated backward
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bifurcation parameter, a, is given by a = —1.14 x 1075 < 0 (so that backward
bifurcation cannot occur). In other words, this study shows that the phenomenon
of backward bifurcation is not feasible in HPV dynamics using a realistic set of
parameter values.

It is worth noting that for the case when the vaccine is perfect (i.e., €, = 1), the
coefficient ag of the quadratic (12) is zero, and by > 0. Hence, the quadratic (12)
has a unique root, given by A5* = —c¢ /by, with ¢g < 0. The case ¢y = 0 implies
Ar¥ =0, which corresponds to the DFE. On the other hand, ¢y < 0 corresponds to
Case 1 of Theorem 3.3, which shows the existence of a unique endemic equilibrium,
only when R, > 1.

Corollary 1. The model (3) with perfect vaccine (e, = 1) does not undergo a
backward bifurcation at R, = 1.

Thus, this study shows that the imperfect nature of the HPV vaccine (0 < €, < 1)
causes the phenomenon of backward bifurcation in the model (3).

3.4. Global stability of equilibria: Special case. Counsider the model (3) with
the associated disease-induced and cancer-induced mortality set to zero (i.e., § :=
dp = 0°=05=0). When ¢ = 0, it follows from (4) and (5) that dNy/dt = 71— s Ny
and dNp,/dt = T — ft;, N, so that Ny — m¢/py as t — oo and Ny, — T/ o @8

t — oo. 5 5 5 0
Let By = =mothm g = SO ang g, = SO BT
Tm i Ty

/\m = /BQIm and )\f = ﬂllf + ,BQP.

. Hence,

It is convenient to write
W=01+Q2+ Q3+ Qira+ Q24+ Q3¢ +C+Cy+ R+ Ry.

Thus the system (3) can now be re-written as:

% = 7(1 — ¢) — BolmSs — 1y Sy,

% =56 — (1 - €)BolnV — sV,

% = Bolm[Sy + (1 — €,)V] — Gu1y,

% =os(1—r1)lf — g2P,

a (13)
—i = (ip T o) Pt oyrily — g W,

B e s = (Buly + 5o~ pnSi,

% = (B115 + B2P)Sm — g111m,
% = omlm — pmPRm,

where, g1 = g1ls=0 = o + 5.

Since the variable W does not feature in any of the other equations of the model
(13), it is removed from the analysis. The invariant region of the reduced system
(13) is

D= {(S;,V,It,P,W, Sy, I, Rp) €RY : Ny <7p/py, Now < 7o /bt }
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and the associated DFE is given by
(‘/:0 = (S;7 V*7 07 Oa Oa S;m 07 O)a

where, S%, V* and S}, are given by (6). Furthermore, the reproduction number of
the reduced model (13) is

2
Ry = Rols—o = \/Bmﬁfcfﬂfﬂm [1 + Gcrf(l—rl)] (1 —e). (14)

Tm M fg1911 g2

It is worth noting that the associated backward bifurcation parameter, a, for the
reduced model (13) is given by

o BB vrwiSyla + mug + 8o,(1— 1)) {S;z +(1— )2V

mo(op + pp)(o+ py) [y
[S5 4 (1= €,)?V*]2 Oop(1—r1)es[S7+ (1— )V } “0

71"m(a'f"",uf) 7Tm(o'f+:uf)(o‘+“f)

so that the reduced model (13) will not undergo backward bifurcation (by Theorem
4.1 of [8]). To further confirm the absence of backward bifurcation in the reduced
model (13), a global-asymptotic stability proof is given below for the DFE of the
model (13).

3.4.1. Global stability of DFE.

Theorem 3.5. The DFE, &, of the reduced model (13), is GAS in D whenever
Ry, < 1.

Proof. Consider the non-linear Lyapunov function

S %4 P21
F=8S—-8S;—-Siln—+V-V*"—V*'ln—+1
7= 8j = Sjhg+ NV Bt B m)
9192 . e gy Om
Sm— S, =S, In—+ 1, |,
B1ga + Paos(1 —11) < T m T o g m)

with the Lyapunov derivative given by (where the prime denotes differentiation with
respect to t)

S5 Vv B2g1
f’<1f>s’+<1)v'+1'+ P’
S;) "t v 77 Brgs + Baos(1—11)

9192 Sh, / /
+ 1- S+ I,
ot (7 5) St

S*
= (1 - S;) 11y S} — Bolm Sy — 1y Sy]

# (125 ) v = = otV = V]

= B2g1
+ BOIm[Sf + (1 — GU)V] — glIf + 5192 = BQO—f(]_ — ,),.1) [O'f(l _ Tl)If . ggP]
9192 Sy . -
Big2 + Baop(l —r1) { (1 Sm) [m Sy, (Bily + B2P)Sy, LmSim]

+(51If + ﬁQP)Sm - gll-[m }
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St _ S . ) VeV
:ufs;<_f_f>—ﬁolmsf+ﬂofmsf+ufv (2_ _ )

Sf S;ﬁ Vv V*
- (]- - 6v)ﬁO]’va + (1 - 6v)ﬂOIﬁJ/* + 5OIm[Sf + (]- - ev)v] - gljf
B291 J192

lof(L—r1)lf — g2 P] +

B1g2 + Paof(1 —1r1) B1925%, + Baog(1 —r1)Sir

S* S ”
|::umS:n (2 - Sm e ) — (BiIy + B2 P)Sy + (B1lf + B2P)S;,

+(ﬂllf +B2P)Sm _gll-[m :|

_ * f f ‘r* * m m

e Bagrop(1 —1r1) B19192 }
* [ gl+5192+520f(1*7"1) B1g2 + Baop(1 —11) !
{_ B29192 B29192 }P
Brge + Baop(1 —7r1)  Brga + Brog(l —r1)
* . *] gnggll
" {ﬂo[sf (1 eV - g I Tl)%}fm,

Si S % Vv S* S,
- Sl velo— 2 - ) ppsn (2 om
Mfsf( Sy 53?>+”f ( v V*>+” ’"( Sm S:a)
9192911 b 5 12
Ry) — 11,
[B192 + Bao (1 —11)|mm, [(R0) ]

In the above calculations, the following DFE relations (obtained from (13) at &)
have been used:

71'f(]. - ¢) = /u'ij;a 7Tf¢ = ,LLfV*a TTm = :u'mS;kn

Since the arithmetic mean exceeds the geometric mean (that is, a1 +as+- - -+a, >
ni/ay - as---ap fora; >0, i =1,...,n), it follows that

S} St 1% % Sy, Sm

2L 2l g o L < 2-2m_2m
Sy S [ Y T

Therefore,j’-"’ <0 if R, < 1. The equality 7' = 0 holds only (a) at the DFE & or
(b) when R, =1 and Sy =57, V =V* and S;, = 5;,. In case (b),

%ju;—msz+V+If+P+W+Sm+Im+Rm
f m

=S;+ Vi +Iy+ P+ W+ S, + I + Ry,
= T [ 4+ P+ W 4 Iy + R,
27 Hm

so that Iy +P+1,, + R,, <0. This implies that I; = P = I,,, = R, = 0. Therefore
the largest compact invariant set in {(Sy,V,If, P,Sm,Im, Rm) € D : F' = 0}
is the singleton {£}. It follows from the LaSalle’s Invariance Principle [34] that
every solution of the system (13) with initial conditions in D converges to the
DFE & as t — oo. That is, (I;(t), P(t), Im(t)) — (0,0,0) as t — co. Substituting
Iy = P = I,, = 0 in the equations for the susceptible females and males of the
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model (13) gives S¢(t) — S} and S (t) — Sy, as t — oo. Similarly, it is easy
to see that (when (I, P, I,) = (0,0,0)) the variable W (t) — 0 as t — oco. Thus,
(Sp(t), V(t), I;(t), P(t), W (t), I;n(t)) — Eo, as t — oo for R, < 1. Hence, the DFE

&o, of the model (13), is GAS in D if R, < 1. O

The above analyses clearly show that the backward bifurcation property of the
model (3) can be removed if the associated disease-induced and cancer-induced
mortality is set to zero. The epidemiological implication of Theorem 3.5 is that for
this special case (of the model (3) with 6 = 0), the vaccine-targeted HPV types
and associated dysplasia will be eliminated from the community if the combined
use of (cohort) vaccination and Pap screening can make R, < 1 (i.e., R, < 1 is
necessary and sufficient for the elimination of the relevant HPV types). Figure 3
depicts solution profiles of the model (3) with é = 0, for various initial conditions,
showing convergence to the DFE (&) for R, < 1 (in line with Theorem 3.5).

The following result can be shown using the approach in Section 3.3.

Theorem 3.6. The reduced model (13) has an EEP of the form

Er 1= (S3, Ve I P W, S T Ry,
whenever Ry, > 1, where
55 = 1m0, V™ = V¥¥laso, 13 = I¥lsm0, P** = P*Jsc,
S,*n* = S:;;k‘(;:o, f;;l* = I;Z*|6:O> R:: = R::‘(S:O?

and,

(Kp + Vo) P + afrlf;*
1y '

3.4.2. Global stability of EEP. In this section, the global stability of the EEP of the
reduced model (13) is established. Define:

Do ={(S,V, 15, P,W, Sy, I, Ryy) €D : Iy =P =W = I, = R,,, = 0}.

W** _

Theorem 3.7. The EEP, &1, of the reduced model (13), is GAS in D\ Dy whenever
Ry > 1.

Proof. Let R, > 1, so that the unique EEP of the model (13), &1, exists (Theorem
3.6). Here, too, the variable W of the model (13) is not included in the analysis.
Consider the non-linear Lyapunov function

v cees S o v N |
fzsffs;z*—s;*ngf A e A i

; Iy
ﬂoj** |:S** —+ (1 — 67,)V**:| D 5 5
i _ B (P—P**—P**ln b )
ﬂl.[}k* +52P** Uf(l—?“l)_[}k* P**
1 ~ ~ m ~ = I,
+— (SmS;‘,;*Sj;j‘ln§ Ly I P In ﬂ
S B I

with Lyapunov derivative

/ f ’ / f /
=(1-=L 1-— R
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ﬁoi;;.z‘ S**—F(l—@,)f/** D% %%
i[5 Ty

ﬁli?* + 62P**

O’f(l*?"l)f;* P
_ 1-19 1-==\rI
5 < Sm) ”( fm> ’”H

Sy
=|1-= [y (1= @) — Bolm Sy — 115 Sy]
f

+ (1 - Vv> (76— (1 €0)BoLnV — sV

+ <1 . IIff) {BolmlSy + (1 = €)V] = gul¢}

ﬂoi:n* [S;* —+ (1 — €U)‘~/**:| 62]5** P**
+ " = = | 1- lof(1 =r1)lf = g2P]
Bllf +52P** O’f(l*?"l)]f P

1 S«**

+ (1 - ?j> [(BiIf + B2P) S — gufm]}} ‘

The above can be simplified using the following endemic equilibrium conditions

w5 (1= ¢) = Bolyy S5 + ppS7, mpd = (1= eu)Boliy V" + pp V7,
Iy =Bl ST + (1 — e)V™], 2P = 0y (1 — r1)I}7,

T = (B} + B2 P**)Sit + i Sy's gudyy = (Bl + B2 P*) S
This gives:

o (15 [5i**§**+ S5 — Boln St — 117 S
= Sf 0L Of Koy 0LmOf — UfOf

+ (1 ~ v ) [(1 - ev)ﬁof;:‘f/** + uff/** — (1= €)BolnV — us}

+ 7 Bol [Sy + (1 — €,)V] — Bol2r [5**+(1—e )f/**} i
If m v m f v I**
Bl |S5 + (1 =)V
511:}* + Bo P+

BQP** p** f}K*
— | 1- or(l—ri))lf—0or(l—1r1)=
{af(l—rl)l;;* Iz (L =r) Iy —og( 1)P**

= { (1 - ?ZZ) (BT + 52P7) S5 oS
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~(Buly + BP)Sm — S |

(=) [ ooyt
= py (2—?— 5}{;) + Bo
e ()

+ (1 - 61})60

mPf T ImOf T Ly S +1Im f

L B 7k \ 2 B
v S,V - I (VV) LV

+ Bo {Im[sf F(1—e)V] =1 [sf +(1- eu)f/**] s

f

ok

(15)
—I,[Sy+ (1~ ev)V]If—f + 13 {Sf +(1 - eq,)f/**} }

ﬁoj:;l* |:S’;* + (1 B GU)V**:| sz** Tk P ﬁ** Tk
+ = = = If - If = If + If
ﬂll;* + ng** I}k* Pxx P

1 ~ - -
+ ? [(511;* + 52P**> S:;f — (ﬂlff + ﬂQP)Sm

ok

~ ~ 2 ~
- (BII;Z* + 52P**) (b:gL) + (B1ly + B2P) Sy

T 1 Y I’"L
+(Buly + BaP)Sp — (BT} + B P ) Sy

Tk
Im
N**

I ~ . .
~(Bdy + BaP)Su e (B + 5P ) S

| S

It follows, using Proposition 1 (Appendix B) in (15), that
g** S ~ B _
/< 9 _ i _ = f i ok 1— " ok
fuf( 5 5 + Bo m[sf+( €o)V }
~** / *k 2
_ Txx {Sf +(1 —GU)V :| + 1 |:§** —‘,—(1—6 )‘7**}
TS+ —e)Vi m L §

f/** |4 THk | Qrkx 7Kk If
+(1_6v)/1“f (2_ v _‘7**> +ﬁ0{_Im {Sf +(1_6v)v }f

I}"*
j**

L[Sy +(1— ev)V};—f I [S;z* +(1- ev)f/**] }

ﬂoj:: [S;* + (1 — 67))‘7**] /8215** -, P sk % .
+ = = = Iy — If — — Iy + If
BTy + BB iz

P P
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L[S+ (1 — e,)VII}* PS,, I }
[ S;;w(l—ev)f/**] I; PSpiln

Since the arithmetic mean exceeds the geometric mean, the following inequalities
hold:

5’** 7k
A A O T A s
Sf S}* Vv Vo**
Sy 4 (1—e)V™ Sz La[S;+(1- ) V" IS I5r <0
Sr+(=e)V Sm fe S -V LS T
(16)

CSp A eV S P LalSpt (L- )V
Sf + (1 — GU)V S I**P I:n* {5‘;* + (1 _ Ev)f/**] [f

PS I**
Hence F’ S 07 with equality if and only if~equality holds in each of the inequalities
n (16). Thus, (Sy,V,If, P, Spm, Im) — (S , Ve I** P Gk I**). Substituting

m’Tm

these (endemic equilibrium) values in the equation for W in (13) shows that W —
W** as t — co. Hence, (S;,V, I, P,W,Sp, Im) — (S** Vv I** P W S
I**), so that the EEP (E}) of (13) is GAS in D\ Dy. O

<0.

4. Assessment of vaccine and screening impact. In this section, the commun-
ity-wide impact of mass vaccination and Pap cytology screening will be assessed
using the model (3) with § = 0 (or, equivalently, (13)).

4.1. Vaccine impact. Let z = V*/N  represents the fraction of females vacci-
nated at the disease-free steady state. It follows from (14) that

Ry = RoV1 — epz, (17)

where,

Ro:fqubo:\/ﬂmﬂfcm {1_‘_901"(1_741)} (18)
TmMfg1911 g2
is the basic reproduction number (the average number of new HPV cases generated
by a typical infected individual in a completely susceptible population) associated
with the model (3).

Considering R, as a function of z (i.e., R, = R,(x)), it can be shown that

87i7j _ R()Gv
or 21— e,z

Since 0 < €, < 1, it follows that 8R” < 0for 0 <z < 1. Thus, R is a decreasing

function of x. Since, in general, a reductlon in the reproduction number signifies
a reduction in disease burden (measured in terms of number of infections, HPV-
related morbidity, hospitalization, mortality etc.), the above analysis shows that an
imperfect HPV vaccine will have a positive impact (in reducing HPV burden) for
any > 0 and €, > 0 (that is, for a given vaccine efficacy, €, > 0, vaccinating
any fraction of susceptible females at steady-state will result in a decrease in HPV
burden).
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Furthermore, there is a unique . such that R, (z) = 1, given by

1 1
e=—(1-=—).
e 61}( R0>

Lemma 4.1. The DFE of the reduced model (13), &, is GAS in D if x > ..

Proof. Since R, is a decreasing function of z, it follows that R, < 1 whenever
z > x.. Thus, it follows from Theorem 3.5 that the DFE of the model (13) is GAS
in D in this case (with z > z.). O

The above result implies that if the fraction of vaccinated susceptible females
exceeds the threshold level z., then the DFE of the model (3) with 6 = 0 is GAS
(and the vaccine-targeted types will be eliminated from the community). A contour
plot of R, as a function of vaccine efficacy and coverage rate, depicted in Figure 4,
shows that with the assumed vaccine efficacy of 90%, the relevant HPV types can
be eliminated from the community if at least 88% of the susceptible females are
vaccinated at steady-state (it should be recalled from Theorem 3.5 that the disease
dies out when R, < 1).

It should be noted that the above analyses also hold for the case where only
(cohort) vaccination is used (i.e., for the case where Pap screening is not also used
in the community). In other words, the singular use of a vaccination program
can lead to the elimination of the relevant (vaccine-targeted) HPV types from the
community if the vaccine efficacy and coverage rate are high enough. Figure 5
shows that the prevalence of the vaccine-targeted HPV types can be reduced by
about 97.14% in 50 years.

4.2. Screening impact. To assess the singular impact of Pap cytology screening,
the model (3) is simulated in the absence of vaccination (¢ = 0) and no disease-
induced and cancer-induced mortality (6 = 0). Thus, this case models the situation
where Pap cytology screening is the only intervention strategy adopted. Figure 6
depicts the cumulative number of females detected with cervical cancer or CIN (in
the absence of vaccination) using various screening intervals (1, 2, and 3 years). It
is evident from Figure 6 that the use of annual screening results in the detection
of about 534 cases of females with cancer or CIN over 10 years. Furthermore, this
figure shows that extending the screening interval from 2 to 3 years has marginal
impact on the cumulative number of cases detected (while 2-year screening detects
about 320 cases over 10 years, 3-year screening leads to the detection of about 228
cases over the same time period).

4.3. Combined impact of vaccination and screening. The combined impact
of Pap screening and mass vaccination is assessed by simulating the model (3) using
the parameter values in Table 2 with § = 0. It is shown that, unlike in the case
of the vaccine-only control strategy (which reduces the prevalence of the vaccine-
targeted HPV types and dysplasia by 97.14% in 50 years) (Figure 5), the combined
vaccination-screening strategy (with 2-year or 3-year screening interval) achieved
the same reduction in about 35 years (Figure 7). It is worth noting from Figure
7 that the 2-year and 3-year screening strategies resulted in essentially the same
reduction (over the same time period).
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4.4. Model sensitivity to the proportion screened. As noted, a wide range
of values of the proportion screened () are cited in the literature (7% to 44%).
Therefore the sensitivity of the model to this parameter is analyzed in this section.
Under the base-case Pap test assumptions (with x = 32%), the model predicts
a total of 534, 320 and 228 cases in 10 years with the annual, 2-year and 3-year
screening (Figure 6). Low proportion (7%) screened results in 157, 82 and 56 cases,
respectively (Figure 6 top inset) and the high proportion (44%) screened results in
650, 410 and 298 cases detected, respectively (Figure 6 bottom inset). Whereas  is
an influential parameter in determining the number of detected cumulative cervical
cancer and CIN cases, a comparison of the cumulative number of cases under annual
and the 2-year screening respectively, relative to the 3-year screening reveals that
the model is not much sensitive to the proportion screened; while the base-case value
of the proportion screened () results in the detection of 2.4 and 1.4 times more
cases respectively relative to the 3-year screening, low proportion screened results
in the detection of 2.8 and 1.5 times more cases with annual and 2-year screening
respectively and the high proportion screened results in the detection of 2.2 and 1.4
times more cases. The comparison also signifies that (i) 3-year (rather than 2-year)
screening is reasonable, and (ii) with low proportions screened, a higher screening
frequency is more desirable.

Comparing the reduction in the prevalence of HPV infection and associated dys-
plasia leads to similar conclusions. The base-case value of the proportion screened
results in 97.14% reduction in 35 years (Figure 7). The same reduction takes 41
years with a low proportion screened (Figure 7 top inset) and 33 years with a high
proportion screened (Figure 7 bottom inset). As under the base-case scenario, the
annual, 2-year and 3-year screening with low or high proportions screened makes
no significant difference in providing the same amount of reduction in prevalence
(hence the solid, dashed and dotted lines are indistinguishable in the inset figures).

Conclusions. A two-sex deterministic model is designed and used to study the
transmission dynamics of HPV in the presence of Pap cytology screening and mass
vaccination against some vaccine-targeted HPV types. The main theoretical results
shown are summarized below:

(i) The model exhibits the phenomenon of backward bifurcation where the stable
disease-free equilibrium coexists with two endemic equilibria (one of which is
suggested to be stable, by numerical simulations) when the associated repro-
duction number (R,) is less than unity. The epidemiological implication of
this result is that having the reproduction number less than unity, while nec-
essary, is no longer sufficient for eliminating the HPV-infection and associated
dysplasia from the community;

(ii) The backward bifurcation phenomenon of the model is caused by any of the
following mechanisms:

(a) imperfect nature of the vaccine in preventing infection (0 <€, < 1)
(b) HPV- and cancer-induced mortality in the female population (§; > 0,
0¢>0or §5 > 0);
(iii) For the case when the HPV-induced and cancer-induced mortality is negligible
(6 = 0), it is shown that the disease-free (HPV-infection- and dysplasia-free)
equilibrium of the model is globally-asymptotically stable when the associated

reproduction number (R,) is less than unity;
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(iv) The model has a unique endemic equilibrium when the reproduction number
(R,) exceeds unity. This equilibrium is shown to be globally-asymptotically
stable for the special case when the HPV-induced and cancer-induced mortal-
ity is negligible.

Numerical simulations of the model suggest the following:

(v) Pap screening every three years is reasonable. This result is consistent with
the empirical findings [45, 46];

(vi) The use of mass vaccination alone (with a vaccine efficacy of 90%) can lead to
the elimination of the vaccine-targeted HPV types and associated dysplasia
from the community if at least 88% of the susceptible female population is
vaccinated at steady-state;

(vii) Mass vaccination alone (without Pap screening) could result in 97.14% reduc-
tion in the prevalence of the vaccine-targeted HPV types and the associated
dysplasia in about 50 years;

(viii) If Pap screening (2-year or 3-year) is implemented in addition to mass vac-
cination, the time required to achieve the same amount of reduction in the
prevalence of HPV infection and the associated dysplasia is reduced to about
35 years.
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Appendix A: Proof of Theorem 3.4.

Proof. Tt is convenient to use the change of variables:

Sp=x1,V =29, I =23, P = 24,Q1 = 25, Q2 = 06, Q3 = 27, Q14 = T3, Q24 = o,
Q34 = 710, C = 211,Cq = 212, Re = 713, Ry = 214, 51 = 15, I;y = 216, By = 217.

(19)

Let f = [f1,--- , fir] denote the vector field of (3) in the notation (19), so that the
model (3), with the conservation law (1), is re-written in the form:

dxq Bmcy

— =fi=nl—¢)— — 4 _piex1 — prw,
7 fi=mp(1-09) T s
dxo Bmcy

_— = — (1 — _— —

7 fa=mphp—( Eu)x15+x16+x17$16$2 [LfTo,
dxs Bmcy

22 = =P sl 4+ (1= €)xs] — g1
dt f3 T15 + T16 + T17 16[ 1 ( 61)) 2] gi1xs,
dx

d7t4 = fa :Uf(l —T1)T3 — g2y,

dlL’5

ar = f5 = KpTa + KqT6 — G3Ts5,

dlL’ﬁ

o fo = (125 — gas,

dlL’7

o fr = Cxe — gs27,

dlL’g

- fs = a175 + KaTy — goTs,

dlL’g

e Jo = aoxe + Q1w — gro, (20)
dx1g

7 = fi0 = azw7 + (279 — gsT1o0,
d$11

7 = fi11 = (377 — go11,
dz12

dt = fi12 = @.T11 — g10T12,
dx13

dt :f13:’)’1’12*ﬁtf9€13,
de1s 3 3

g = Ju = omas + Yors + > Wiiga+ Y piipr — g,

i=1 i=1
dz1s Bsey
= =7y — ———————(x3 + 014)x15 — fnT15,

7 fis m 9915+SE16+$17( 3 4)T15 — UmT15
d.fL'lG ﬁfo
/=2 = =— " (g5+40z4)x15 — G11716,

7 f16 x15+x16+z17( 3 4)T15 — g11%16
dx17

dt :f17:UmSU16—Mm$17~

The Jacobian of the system (20), at the DFE &, is given by
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— [y 0 0 0 0 0 0 0 0
0  —puy 0 0 0 0 0 0 0
0 0 —g1 0 0 0 0 0 0
0 0 ol-r) —g2 0O 0 0 0 0
0 0 0 Kp  —03 Kgq 0 0 0
0 0 0 0 G —g&+ 0O 0 0
0 0 0 0 0 (G —g5 0 0
0 0 0 0 ay 0 0 —g6 Ka
J(go) = 0 0 0 0 0 (D) 0 Cl —3ar
0 0 0 0 0 0 o3 0 (a2
0 0 0 0 0 0 (s 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 o o Y1 2 Y3 p1 p2
0 0 —J3 —6j3 0 0 0 0 0
0 0 J3 0]3 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 -1 0
0 0 0 0 0 0 —J2 0
O 0 0 0 0 0 0 g1t
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 ,
—gs O 0 0 0 0 0 0
0 —g9 0 0 0 0 0 0
0 o —gio O 0 0 0 0
0 0 v —u 0 0 0 0
ps 0 0 0 —pr 0 0 0
0 0 0 0 0 —um 0 0
0 0 0 0 0 0 —g11 0
0O 0 0 0 0 0  om  —hm
where, j; = Bmcfﬁ'f,um(1 - Qj)), o = (1 - ev)ﬁmcfﬂ-fﬂmgb and j3 = Bmcfxl' Tt
Tmplf Tmlbf 15
can be shown, from the Jacobian J(&), that (as in 7)),
s — BiBncimsttnlsn + 0,01 =)0~ us) o

9192911 Tm L f
Consider the case when R, = 1. Suppose, further, that 3; is chosen as a bifur-
cation parameter. Solving for 8y from R, =1 in (21) gives

* 9192911 Tm b f
By =p8" = . 22
1 B rimTaa+ b0, — 0 —ed) (22)

It is easy to verify that the transformed system (20), with §; = * has a simple
eigenvalue with zero real part, and all other eigenvalues have negative real parts.
Hence, the centre manifold theory can be used to analyse the dynamics of (20) near
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By = B*. In particular, Theorem 4.1 in [8] will be used. The application of this
theorem entails the following computations.

Eigenvectors of J(Eo)|s,;=p+- The Jacobian of (20) at By = 3%, denoted by Jg-, has
a right eigenvector (corresponding to the zero eigenvalue) given by w = [wy,-- -,
wi7]T, where

o BuSier  Bues(-e)VY]
1= — g Wig, Wy = — 16
Sibf Sibf
Bm[S7 + (1 — €)V™]ey oy(1=711)Bm([S} + (1 — €,)V™]ey
w3 = - Wie, Wq4 = - W16,
9155, 919257,
_ KpQa o KpQ _ KpC1Ga
Ws = ——— Wy, We = —— - Wy, Wr = ——— . W4,
9394 — KqG1 9394 — KqG1 95(9394 — K¢C1)
_ kplgagron 4+ askalr) _ Gikpaows + (9394 — K1) ws]
wg = Wy, W9 = )
(9697 — £aC1)(g39a — KqC1) 97(9394 — KqC1)
_ GiCa(gsae + asgr)kpws + (9394 — KqC1)gsws B C1C2G3kp
wip = , W Wy,

=
989795(9493 — K¢C1) 9599(9394 — KqC1)

Qe _
W12 = —Wi1, W13 = — W12,
10

opriws + Yows + Y1ws + Pows + Y3wr + prws + pawy + p3wio
u b

W14 =

*
B*cp(ws + wa) Om
wiy = ——————, Wi = Wi > 0, w17 = —wis,
Hm, m

where, g3gs — kqC1 > 0, and geg7 — KqC1 > 0. Further, the Jacobian Js- has a left

eigenvector (associated with the zero eigenvalue) given by v = [vy, -+ ,v17], where
c +0c(1l—1r *crf
v1 =0, v2 =0, v3 = Breslo: ( 1)]0167 vy = Pe V16,
9192 92
vs =---v15 =0, vig =v16 > 0, v17 =0.

Computations of bifurcation coefficients a and b: For the system (20), the associated
non-zero partial derivatives of f (at the DFE &) are given by

a2f3 o ,Bme 32f3 o (1 - 61))Bmcf
81'1(9:1?16 (07 0) - S;% ’ 61‘28?[:16 (O’ 0) - S;;L ’
2 2 mCrlSF + (1 —e,)V*
78 f3 070 - afs (O,O):_ﬁ Cf[ ! *( 2 ‘ ) }7
a$158$16 8951683:17 (Sm)
32];:3( 0) = _25m[5; +(1- €v)V*}Cf’ 9 f16 0.0) 9% f16 (0,0) = _B*Cf7
8x16 (S:,L)Q 8.%381’1(3 8x38x17 S,;kn
P fie )= & fie 0,0) = _ Brest
0x40x16 o 0x40x17 o Sk '
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so that,

n 2
a= Z VpW;W; 0" Ji (0,0),

eyl 0x;0x;
_ 2u16wigB Bnctmpiin, g2 + 00 (1 —11)]
B 919272, (23)
B Bmctmp(1 — €u0)?[go + 00 (1 —11)]
{ G153 Tm s

B C 2y - 20— ed)gn
Il - g+ (1 - o] - 200 ]

The bifurcation coefficient b is similarly given by
[ST+ (1 —e,)V]

> 0.
919255,

& 9 fi.
b= Z Ukwi@xiaﬂ*

k=1

(0,0) = vigwi6Bmc} Az

Thus, it follows from Theorem 4.1 of [8] that the model (3) undergoes backward
bifurcation whenever the bifurcation coefficient, a, given in (23), is positive. The
inequality a > 0 can be expressed in terms of the model parameters as below.

B Bmcimy(1—ey)?[ga+bop(1—71)]
G195 m b f

et 2(1—ey
= iwf [(1—¢)+ (1 —€)?9] +%. (24)

Remark 1. If ¢, = 1, then

_2U16w%65*ﬂmc§”ﬂ—f:u‘3n[92 + 8oy (1—r1)] {Cfﬁm(l — ) n (1—p)g11 } <0
919272, Iy Lo, )

a =

Thus the model (3) with perfect vaccine does not undergo a backward bifurcation
at R, = 1, in line with Corollary 1.

Appendix B: Proposition 1.

(51}«_*)2 (‘7**)2 [5’;* + (1 _ 6[})‘7**]2
P ition 1. — —(1—¢, < -
roposition s; (1—€p) v S =)V
Proof. Suppose the proposition is false. Hence,
(BP0 BF + eV
—
Sf Vv Sf‘i’(l*ev)v
so that,

S}*)ZV +(1- ev)(f/**)sz - (5”}*)2 + 63(‘7**)2 + 261,5;*‘7**
SfV Sf + €,V
which can be simplified to:
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(S7)?VS) +eol(SF)PV2 + e SHV)? + €8,V (V)2
< SH(SFV + ES,V(V)? + 26,8, 5V

or (87" )V + €y SF(V)? — 2608757 V" <0

or (S7V = §;V*)? <0,

Sf**Q (7% %\ 2 S**‘i' 1_61) ‘7**2
which is a contradiction. Hence, f( ! ) V=) [ ! ( vl

—(1—¢, <
Sf ( 6) Vv - Sf—l—(l—Ev)V

Sl

FIGURE 1. Schematic diagram of the model (3).
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| | |
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Time (years)

FIGURE 2. Simulations of the model (3) showing the number of
infected individuals (males and females) as a function of time, using
various initial conditions. Parameter values used are as given in
Table 2, with ¢ = 0.3 and ¢y = 4 (so that, R, = 3.7897 > 1).
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FIGURE 3. Simulations of the model (3) showing the number of
infected individuals (males and females) as a function of time, using
various initial conditions. Parameter values used are as given in

Table 2 with 6 =0, ¢ = 0.9 and ¢y =1 (so that, R, = 0.4833 < 1).
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FIGURE 4. Simulation of the model (3) showing the contour plot

of R, as a function of vaccine efficacy (e,) and the fraction of
susceptible females vaccinated at steady-state (V*/N7). Parameter
values used are as in Table 2, with § = 0.
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5. Simulation of the model (3) showing the percentage

reduction in prevalence of the HPV infection and the associated
dysplasia as a function of time, in the absence of Pap screening.
Parameter values used are the same as those used to generate Fig-

ure 4.
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FIGURE 6. Cumulative number of detected cervical cancer and
CIN cases as a function of time. The dotted line represents 3-year
screening, solid line represents 2-year screening, and dashed line
represents annual screening. Parameter values used are as in Table
2, with 6 = ¢ = 0. The inset plots show the same corresponding
to low screening rate due to low proportion screened (x = 7%) and
high screening rate due to high proportion screened (x = 44%).
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FIGURE 7. Simulation of the model (3) with § = 0 showing the
percentage reduction in prevalence of the HPV infection and the
associated dysplasia as a function of time, with Pap screening. The
solid curve represents annual screening, dashed line represents 2-
year screening and the dotted line represents 3-year screening. Pa-
rameter values used are the same as those used to generate Figure
4. The inset plots show the same corresponding to low screening
rate due to low proportion screened (y = 7%) and high screening
rate due to high proportion screened (x = 44%).



